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Frozen-orbital analysis (FZOA), which has been proposed in
order to analyze excitations between degenerate orbitals, is ex-
tended to the Tamm–Dancoff approximation to time-dependent
density functional theory (TDDFT/TDA). FZOA for TDDFT/
TDA with BLYP and B3LYP is applied to a CO molecule,
and the difference between TDDFT/TDA and configuration in-
teraction singles (CIS) is discussed.

Time-dependent density functional theory (TDDFT)1 and
the Tamm–Dancoff approximation (TDA) to TDDFT (TDDFT/
TDA)1 have become one of the most popular tools to calculate
valence excitations owing to its low computational cost and rea-
sonable accuracy in comparison with less accurate configuration
interaction singles (CIS) based on Hartree–Fock (HF) method or
computationally expensive correlated methods. However,
it has been reported that TDDFT and TDDFT/TDA using con-
ventional exchange-correlation functionals fail for core and
Rydberg excitations. Remedies against the problems have been
proposed by several groups recently.2

The difference between TDDFT/TDA and CIS has not been
discussed in detail so far. For example, orbital energy difference
�", which can be considered to be an approximate excitation
energy, strongly depends on HF and DFT with conventional pure
and hybrid functionals: the HF �" is generally larger than those
of DFT with conventional pure and hybrid functionals. Howev-
er, TDDFT/TDA and CIS provide excitation energies that do not
exhibit as significant a difference as�". By comparing TDDFT/
TDA with CIS, we can understand how excitation energies of
TDDFT/TDA and CIS are estimated in terms of not only orbital
energies but also two-electron integrals and exchange-correla-
tion functionals. Frozen-orbital analysis (FZOA),3 which consid-
ers only main configurations contributing to excitations, is a use-
ful tool to qualitatively discuss the difference and provide a clear
and intuitive picture about excitations among degenerate orbi-
tals. So far, we have applied FZOA to several molecules and ob-
tained the following simple and clear general rules: (i) the high-
est transition is dipole-allowed out of excitations between degen-
erate orbitals, (ii) the energy gap between the highest (dipole-
allowed) and second states is larger than the other gaps.

In this paper, we extend FZOA to TDDFT/TDA and discuss
the difference. We investigate excitations of CO from � to ��

orbitals by FZOA for CIS and TDDFT/TDA with BLYP4 and
B3LYP5 using the cc-pVDZ6 basis set. The SAC-CI7 calcula-
tions are also performed for comparison. The FZOA for CO cor-
responds to the single excitations within the active space, con-
sisting of highest occupied � and lowest unoccupied �� orbitals.
Necessary integrals for FZOA are computed by the modified
GAMESS program.8 The bond distance of C–O is 1.1283 Å.

The excitation energies in FZOA are split into three terms as
follows: �E ¼ Aþ Bþ C, where A is the orbital energy differ-

ence�" and the B and C terms consist of {Jo�, Ko�, and Ko�
DFT}

and {(oo0j��0), (o�jo0�0), and (o�jwxcjo0�0)}, respectively. Jo�,
Ko�, and Ko�

DFT represent (ooj��), (o�jo�), and (o�jwxcjo�),
respectively. wxc represents the second derivative of exchange-
correlation functionals with respect to the density. The indexes
fo; o0g and f�; �0g represent general occupied and virtual orbitals.
The B and C terms originate in diagonal and off-diagonal ele-
ments of Slater determinant, respectively. Specifically, Table 1
shows the FZOA energy expressions of the A, B, and C terms
of CO for CIS and TDDFT/TDA with BLYP and B3LYP in a
unified way. cHF represents a portion of HF exchange. For exam-
ple, cHF ¼ 1:0 for the CIS method, whereas cHF of B3LYP and
BLYP are set to 0.2 and 0.0, respectively. Note that two orbitals
fi; ag and f j; bg of f�;��g are located on xz and yz planes, respec-
tively, where the CO bonding axis is z axis.

Figure 1 illustrates the energy splitting of 1�þ, 1�, and 1��

by FZOA for CIS and TDDFT/TDA with BLYP and B3LYP.
The left energy levels estimated by the A term are the orbital en-
ergy differences �" between � and �� orbitals. As mentioned
above, TDDFT/TDA and CIS provide the significantly different
energy levels. As a portion of HF exchange increases, �" also
increases. The two energy levels with about 4–6-eV gap are ob-
tained by considering not only the A but also B terms for all
methods. The three energy levels on the right are reproduced
by Aþ Bþ C. The large gap between the highest and second
states is observed: the dipole-allowed highest excited state is
well separated from the other excited states, which is consistent
with the general rule obtained in ref 3.

Next, we examine the behavior of Figure 1 in greater detail.
Table 2 lists the values of A, B, and C of CO estimated by FZOA

Table 1. FZOA energy components of � ! �� excitation energies for CO

State A B C

1�þ ("a � "i) ð�cHFJia þ 2Kia þ ð1� cHFÞKia
DFTÞ þf�cHFðabjijÞ þ 2ðaijjbÞ þ ð1� cHFÞðaijwxc jjbÞg

1� ("a � "i) ð�cHFJia þ 2Kia þ ð1� cHFÞKia
DFTÞ �f�cHFðabjijÞ þ 2ðaijjbÞ þ ð1� cHFÞðaijwxc jjbÞg

1� ("a � "i) ð�cHFJja þ 2Kja þ ð1� cHFÞKja
DFTÞ þf�cHFðabjijÞ þ 2ðajjibÞ þ ð1� cHFÞðajjwxc jibÞg

1�� ("a � "i) ð�cHFJja þ 2Kja þ ð1� cHFÞKja
DFTÞ �f�cHFðabjijÞ þ 2ðajjibÞ þ ð1� cHFÞðajjwxc jibÞg

Figure 1. Schematic picture of excitation-energy splitting of CO.
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for CIS and TDDFT/TDA with BLYP and B3LYP. The values
of the A term are in the order of CIS, B3LYP, and BLYP: �" of
BLYP and B3LYP are 9.90 and 12.28 eV, respectively, which
are significantly smaller than 21.47 eV of CIS. As regards the
B term, the balance of Jo� and Ko� determines an overall trend
since Ko�

DFT is relatively small. In general, the lower states for
all methods are determined by the main contributions of
�cHFJja and the higher states are lifted from the lower states
by 4–6 eV through the main contributions of 2Kia � cHFJia. Let
us examine the details: For BLYP, the lower state is not affected
significantly in spite of the consideration of the B term since
�cHFJja is missing and Kja and Kja

DFT are relatively small.
The reason for the small contribution is ascribed to the spatial
distance between two orbitals f j; ag. The higher state is lifted
by 5.81 eV from the lower one by the consideration of the B

term. For B3LYP, the lower state is lowered by 2.26 eV, which
mainly comes from �cHFJja term, while the higher state is lifted
by 3.28 eV. The gap between the two states is 5.54 eV. For CIS,
the lower state is lowered by 10.97 eV, which mainly comes
from �cHFJja term. The higher state is lowered by 6.56 eV. Both
states are decreased by the consideration of the B term and their
gap is 4.41 eV. It is intriguing that the gap between the lower and
higher states gradually decreases as the portion of HF exchange
increases. After consideration of the A and B terms, the energy
levels are close to each other although �" are significantly dif-
ferent between CIS and TDDFT/TDA with BLYP and B3LYP.
This originates in the following facts that (i) for the lower states,
�"� cHFJja less depends on the methods since �" increases
and �cHFJja decreases with respect to HF exchange portions;
(ii) for the higher states, in addition to (i), Kia less depends on
the methods.

As regards the C term, (iajjb) are large contributions to the
higher state: 3.01 eV for BLYP, 2.87 eV for B3LYP, and 2.31 eV
for CIS, respectively. Thus, the higher states are considerably
split by the C term. This means that the interaction between dif-
ferent singly excited configurations plays an important role in
determining energy splittings. On the other hand, the lower
states are varied less significantly since (abji j), (jajib), and
(jajwxcjib) are relatively small contributions. Thus, TDDFT/
TDA and CIS obtain the similar energy levels to the case of
the Aþ B terms because the main contribution (iajjb) is less de-
pendent on HF exchange portions and takes similar values. The
excitation energies of the dipole-allowed 1�þ state by the FZOA
method are calculated to be 21.53, 20.93, and 19.13 eV for

TDDFT/TDA with BLYP, B3LYP, and CIS, respectively. The
other states range from 9.85 to 10.68 eV, which are relatively
close to those of experimental values2 and SAC-CI.

Let us summarize here. This letter extends the FZOA to
TDDFT/TDA and compares it with the conventional CIS-based
FZOA. The A and B terms strongly depend on the portions of HF
exchange. However, the addition of the A and B terms reduces
the dependence on the portion of HF exchange. On the other
hand, the C term, which less strongly depends on the portions
of HF exchange, makes a small difference in the splittings
among the TDDFT/TDA and CIS methods. Thus, in spite of
the big differences of�", close excitation energies are obtained.
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Table 2. FZOA energy components of CO � ! �� excitation energies by CIS, TDDFT/TDA with BLYP and B3LYP with cc-pVDZ in eV

State
A B C Excitation energy

�" cHFJo� Ko� Ko�
DFT Total cHFðabjijÞ (o�jo0�0) (o�jwxcjo0�0) Total FZOA Full Exptl

TDDFT/TDA 1�þ 0
BB@ 9:90

1
CCA

�
0:00

� �
3:72

� �
�1:47

� �
5:96

� 0
BB@0:00

1
CCA

�
3:01

� �
�0:35

�
5.67 21.53 14.71

with BLYP 1� �5:67
�
10:20

� �
10:20

� �
10:23

�
1�

�
0:00

� �
0:35

� �
�0:56

� �
0:15

� �
0:35

� �
�0:56

�
0.15

1�� �0:15 9.90 9.90 9.88

TDDFT/TDA 1�þ 0
BB@12:28

1
CCA

�
2:69

� �
3:55

� �
�1:12

� �
3:28

� 0
BB@0:09

1
CCA

�
2:87

� �
�0:28

�
5.37 20.93 15.09

with B3LYP 1� �5:37
�
10:19

� �
10:17

� �
10:23

�
1�

�
2:52

� �
0:34

� �
�0:42

� �
�2:26

� �
0:34

� �
�0:42

�
0.17

1�� �0:17 9.85 9.83 9.88

CIS 1�þ 0
BB@21:47

1
CCA

�
12:29

� �
2:86

� �
0:00

� �
�6:56

� 0
BB@0:38

1
CCA

�
2:31

� �
0:00

�
4.23 19.13 14.75

1� �4:23
�
10:68

� �
10:53

� �
10:23

�
1�

�
11:52

� �
0:28

� �
0:00

� �
�10:97

� �
0:28

� �
0:00

�
0.18

1�� �0:18 10.33 9.99 9.88
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